A method, due toÉlie Cartan, is used to give an algebraic classification of the non-reductive homogeneous pseudo-Riemannian manifolds of dimension four. Only one case with Lorentz signature can be Einstein without having constant curvature, and two cases with (2,2) signature are Einstein of which one is Ricci-flat. If a four-dimensional non-reductive homogeneous pseudo-Riemannian manifold is simply connected, then it is shown to be diffeomorphic to IR 4 . All metrics for the simply connected non-reductive Einstein spaces are given explicitly. There are no non-reductive pseudoRiemannian homogeneous spaces of dimension two and none of dimension three with connected isotropy subgroup.
Introduction
A homogeneous space G/H, where G is a Lie group and H a closed Lie subgroup, is reductive [9 ] if the Lie algebra g of G may be decomposed into a vector-space direct sum g = h ⊕ m where m is an Ad(H)-invariant complement to h. If G/H is a reductive homogeneous space which admits a pseudo-Riemannian metric with G acting by isometries, the curvature tensor takes on a particularly simple form. For this reason, the geometry of these spaces has been well studied [9 ] [2 ], and some classification results are known [5 ] . On the other hand, little is known about the structure of nonreductive homogeneous pseudo-Riemannian manifolds and the purpose of this paper is classify and investigate the basic geometry and topology of these special manifolds in low dimensions.
While it is easy to construct non-reductive homogeneous spaces, it is quite a bit more difficult to construct examples where G is the isometry group of a pseudo-Riemannian metric on G/H. The difficulty is that if G is the isometry group of a Riemannian metric on G/H then Ad(H) is compact, so G/H is automatically reductive (see section 4 for an algebraic proof). Therefore, to construct examples of non-reductive pseudo-Riemannian homogeneous spaces only metrics with indefinite signature need to be considered. These facts are mentioned in [2 ] , but no non-reductive examples are given. In the article [11 ] the author studies the ring of invariant differential operators on non-reductive homogeneous spaces but only considers geometric examples which turn out to be reductive.
In the book Leçons sur la géométrie des espaces de Riemann [3 ] , Cartan outlines a method in which questions about the geometry of homogeneous Riemannian manifolds become algebraic
Theorem 2.1. Let (G/H, η) be a homogeneous Lorentz manifold. If G/H is two-dimensional, then G/H is reductive. If G/H is three-dimensional and H is connected, then G/H is reductive.
Let h be a Lie subalgebra of the Lie algebra g and denote this pair by (g, h).
Definition. The Lie algebra pairs (g, h) and (g ′ , h ′ ) are isomorphic if there exists an isomorphism Φ : g → g ′ such that Φ(h) = h ′ .
For every homogeneous space G/H, let g be the the Lie algebra of G and h the Lie algebra of H, let (g, h) be the associated Lie algebra pair. In the next theorem, we list all possible non-isomorphic Lie algebra pairs for the non-reductive four-dimensional homogeneous spaces that are classified in section 5. We use the table of Lie algebras in [17 ] and refer to these algebras by A x,y , as given page 990.
Theorem 2.2. Let (G/H, η) be a four-dimensional homogeneous Lorentz manifold where H is connected. If G/H is not reductive, then the Lie algebra pair (g, h) is isomorphic to one in the following list.
A1 The Lie algebra g is the decomposable five-dimensional algebra sl(2, IR) ⊕ s(2), where s (2) The isotropy is h = span{e 1 + e 7 , e 3 − e 4 , e 5 }.
In the book Einstein Spaces [18 ] , Petrov gave a fairly comprehensive list of the possible infinitesimal generators for the isometry algebras of a four-dimensional Lorentz manifold. It should be noted that the Lie algebras in A1 and A4 should appear on that list, but they don't.
We now list the possibilities when the signature is (2, 2). In the final section, we give a complete list of all the homogeneous Einstein metrics which are not of constant curvature for the simply connected non-reductive pseudo-Riemannian manifolds of dimension 4.
Cartan's Approach to the Geometry of Homogeneous Spaces
Let η 0 be a non-degenerate symmetric bilinear form on IR n with signature (p,p), and O(p,p) ⊂ GL(n, IR) be the Lie group preserving η 0 . Let (M, η) be a pseudo-Riemannian manifold of signature (p,p), and π : O(M ) → M be the orthonormal frame bundle corresponding to η 0 defined by
Denote the right action of a ∈ O(p,p) on u ∈ O(M ) by u a, and for X ∈ o(p,p), letX be the corresponding infinitesimal generator on O(M ) defined bỹ
The canonical IR n -valued one-form θ and the o(p,p)-valued connection one-form ω on O(M ) have the following properties [9 ] (pp. 118-121)
where
The forms θ, ω, and Ω satisfy the equivariance conditions
Suppose that the Lie group G acts transitively and by isometries on M with pseudo-Riemannian metric η. Identify G/H = M , where H is the isotropy at a point on M . Now let σ = [H] ∈ G/H, and u σ ∈ O(G/H) an orthonormal frame at σ. The linear isotropy representation ρ :
where R h is right multiplication in G by h ∈ H. The differential of ρ defines a homomorphism
Since G acts by isometries, the linear isotropy representation of H is faithful. Following Cartan [3 ] (or see Jensen [8 ] ), we define the function Ψ :
which makes the diagram G
commutative. The map Ψ is equivariant with respect to the left action of G on G and the action of G on O(M ). It is also equivariant with respect to the linear isotropy representation. Therefore, Ψ satisfies
By pulling back the forms θ, ω, and Ω with the map Ψ, the geometry of (G/H, η) induces the following structure on the Lie algebra g of G. 
where X ∈ h. Furthermore, the o(p,p)-valued two-form Ω = dω +ω ∧ω satisfies 4] ι X Ω = 0,Ω ∧θ = 0, and dΩ =Ω ∧ω −ω ∧Ω.
Proof. Let Ψ and ρ be defined as in (3.11) and (3.10), and definê
The differential formsθ andω on G are left invariant because of (3.9) and the G-equivariance of Ψ in (3.13). To check 1], it is sufficient to work at the identity e ∈ G. By using (3.5) and diagram (3.12), we computê
where Z e ∈ T e G .
Since u σ is an isomorphism,θ e (Z e ) vanishes if and only if Z e ∈ ker q * . That is Z e ∈ h. To demonstrate property 2], equations (3.1) and (3.10) imply Ψ * X e = (ρ * X e ) uσ for X ∈ h. It follows from (3.6) thatω e (X e ) = ω uσ (Ψ * X e ) = ρ * (X e ). 
If we define dθ = −ω ∧ θ and Ω satisfieŝ
Proof. Let {e α } α=1...q , form a basis for h. By using1] we may complete this to a basis {ẽ i , e α } 1≤i≤n,1≤α≤q for g such that the components of θ = (
, and write the o(p,p)-valued forms ω and Ω as
], these forms satisfy
Consequently,
form a basis for g * , and we may writẽ
By defining dω = Ω − ω ∧ ω and by using the second part of3] and4], we find that
Therefore, g is a Lie algebra.
The principle step in Cartan's approach to the classification of homogeneous pseudo-Riemannian manifolds is to start with a subalgebra h ⊂ o(p,p) and then classify all Lie algebras that satisfy Lemma 3.2. To simplify this classification, one expects that we only need the conjugacy class of the subalgebra h ⊂ o(p,p) under inner automorphism, but slightly more is true.
Lemma 3.3. Let h andh be two Lie algebras, and let ρ
be monomorphisms. Suppose there exists an inner automorphism ψ : gl(n, IR) → gl(n, IR) which restricts to an isomorphism φ : h →h such that
Then the pairs (g, h) which satisfy Lemma 3.2 are in one to one correspondence with the pairs (g,h) which satisfy Lemma 3.2.
Proof. Suppose the inner automorphism ψ is conjugation by the matrix A ∈ GL(n, IR) and define the vector-space isomorphism T :
We begin by showing that ifθ,ω, andΩ are forms ong = IR n ⊕h satisfying Lemma 3.2, then the forms on IR n ⊕ h given by
To check3], let X ∈ h. Because T (X) ∈h,
which is the first part of3]. The second part of3] follows from
The corresponding algebra has
and T satisfies dT * = T * d. Therefore, the algebras are isomorphic.
Note that every inner automorphism of o(p,p) satisfies this lemma.
Non-Reductive Homogeneous Spaces
The preceding section described Cartan's procedure for constructing all possible isomorphism classes of Lie algebra pairs (g, h) for homogeneous pseudo-Riemannian manifolds by starting from the inequivalent subalgebras of o(p,p) under the automorphisms described in Lemma 3.3. In principle, one could find a general classification of the four-dimensional homogeneous pseudo-Riemannian manifolds starting with the entire list of subalgebras for the Lie algebras o(3, 1) and o(2, 2). This classification would be rather daunting because the known lists of inequivalent subalgebras under inner automorphisms are quite large [15 ] , [16 ] . In this section, we simplify the classification problem by proving a lemma which reduces the possible subalgebras h ⊂ o(p,p) associated with a nonreductive homogeneous pseudo-Riemannian manifold (G/H, η).
We start with the following characterization of reductive homogeneous spaces see [9 ] , p. 83, Proposition 6.4.
Lemma 4.1. A homogeneous space G → G/H is reductive if and only if the principal
The following lemma greatly simplifies the classification problem.
Lemma 4.2. If G/H is a pseudo-Riemannian homogeneous space and O(p,p)/ρ(H) is a reductive homogeneous space, then G/H is reductive.

Proof. Leth be the Lie algebra of ρ(H), and o(p,p) =h⊕m be a reductive decomposition of o(p,p).
Decompose the connection form on O(G/H) as ω = ωh + ω m where ωh takes values inh and ω m takes values in m. By using the map ρ defined in (3.10) and Ψ defined in (3.11) we prove that the h-valued form ρ
follows from the equivariance of Ψ in (3.13) together with (3.9). In order that this form defines a connection we need to check that the two conditions on p.64 in [9 ] are satisfied. To check the first condition on p.64 [9 ] , we use (3.6) and compute
This verifies condition one. We now check the second condition. It follows from the hypothesis in the lemma and the equivariance of the connection form ω that R * a ωh = Ad a −1 ωh and R * a ω m = Ad a −1 ω m . Now from the H-equivariance of Ψ in (3.13), the equation above, and the identity ρ
This verifies the second condition. Therefore, the h-valued form ρ
This lemma has a few simple but interesting corollaries. Let (e i j ) denote the standard basis for gl(n, IR) where
Hereafter we omit writing the isomorphism ρ * between h with basis {e α } α=1...q and ρ * (h) ⊂ o(p,p) with basis {b α } α=1...q . Given two differential one forms σ 1 , σ 2 ∈ Ω 1 (M ), we use the convention
for the symmetric tensor product. Other notation that is used is given in Appendix A.
..3 denote the standard basis for (IR 3 ) * , and
For o(2, 1) we use the basis Of the inequivalent subalgebras of o(2, 1) under inner automorphism, only two are not reductive. In each case, by using equations (A.1) and (A.3), equation (A.5) always has a solution, so for these two subalgebras, the constructed homogeneous space will be reductive. Here are the details. Case 1: The isotropy subalgebra is h = span{b 1 = B 3 }. By using the basis
, equations (A.1) and (A.3) givẽ
Equation (A.5) has the general solution
Case 2: The isotropy subalgebra is h = span{b 1 = B 1 , b 2 = B 3 }. By using the basis {b 1 = B 2 , b 1 , b 2 } for o(2, 1), equations (A.1) and (A.3) givẽ 
The On page 1605 of [15 ] , the inequivalent subalgebras of o(3, 1), under inner automorphisms are listed. Of these subalgebras, labeled F 1 to F 15 , seven are not reductive in o(3, 1).
Case 1:
We consider the non-reductive subalgebras of o(3, 1) which admit a solution to equation (A.5). Therefore they always lead to a reductive homogeneous space. 
Equation (A.5) has the general solution where t ∈ IR, and (ω 
We now consider the cases where condition (A.5) is not automatically satisfied.
Case 2:
The subalgebra
By using the basis
From condition (A.5), G/H is reductive if and only if p 1 = p 2 = 0, so we assume this is not satisfied.
(which is non-zero). The Bianchi identities give
and C α jk = 0 otherwise. The curvature form is Ω ij = −Kθ i ∧ θ j , and the homogeneous space will be of constant curvature. The change of basis
for g * leads to the multiplication table A5 * in Theorem 2.2 with isotropy in the dual basis h = span{e 1 + e 7 , e 3 − e 4 , e 5 }. 
From condition (A.5), G/H is reductive if and only if p 1 = p 2 = 0. Let K = −(p 1 2 + p 2 2 ) (which is non-zero) and C 
The curvature components are
The change of basis
for g * leads to the multiplication table A4 in Theorem 2.2 with isotropy in the dual basis h = span{e 3 + e 6 , e 5 }. 
From condition (A.5), G/H is reductive if and only if p 4 = 0, so we assume p 4 = 0. The first Bianchi identity gives
and
where t 1 ∈ IR. These last two equations will split into a number of cases. If p 3 = 0 the Killing form will have rank 4, otherwise the Killing form has rank at most 3, so we split this case into subcases based on p 3 .
Subcase 4.1 Starting with p 3 = 0 and p 1 = 0, we solve (5.3) and the second Bianchi identity to get
where t 2 ∈ IR. The curvature components are
where K = t 1 p 3 2 and L = t 2 − 2t 1 2 . The change of basis
for g * leads to the multiplication table A1 in Theorem 2.2 with isotropy in the dual basis h = span{e 3 + e 4 }. 
where L = (p 7 + t 1 2 p 4 ). The change of basis
for g * leads to the multiplication 
(which is non-zero) where ǫ = ±1. The change of basis
for g * leads to the multiplication On pages 2281-2283 of [16 ] the inequivalent subalgebras of o(3, 1), under inner automorphisms are listed. Of these subalgebras, labeled e d,n , twenty-two are not reductive in o(2, 2).
Case 1:
We consider the non-reductive subalgebras of o(2, 2) which admit a solution to equation (A.5). Therefore, they always lead to a reductive homogeneous space. Subcase 1.1: The subalgebra e 5,1 in [16 ] The following 4-dimensional algebras in [16 ] always admit a solution to (A.5). Therefore, they always lead to the construction of a reductive homogeneous space.
Equations (A.1) and (A.3) giveω 1 =ω 2 = 0. Equation (A.5) has the general solution {r α k = 0} α=1...4,k=1... 4 , and ω α ⊗ e α defines a G-invariant connection.
Subcase 1.3:
The following 3-dimensional algebras in [16 ] always admit a solution to (A.5). Therefore, they lead to the construction of a reductive homogeneous space. 4 , and ω α ⊗ e α defines a G-invariant connection.
Subcase 1.4:
The following 2-dimensional algebras in [16 ] always admit a solution to (A.5). Therefore, they lead to the construction of a reductive homogeneous space.
A 2 − cB 3 , −A 1 + A 3 ; c = 0
Equations (A.1) and (A. 
)} when ǫ = 1 and ǫ = −1 respectively. By using the basis
Case 2:
The subalgebra e 2,1 in [16 ] is h = span{A 1 − A 3 , B 1 − B 3 }. By using the basis
From condition (A.5), G/H is reductive if and only if p 1 = 0 and p 3 = 0. The first Bianchi identity yields
The second Bianchi identity has the general solution
where t ∈ IR. Let L = 2p 1 p 3 . The curvature components are
The Jacobi identities are now satisfied, but depending on the parameters we get non-isomorphic Lie algebras. We now determine the non-isomorphic algebras. Subcase 2.1: If p 1 = 0 and p 3 = 0 the change of basis
for g * leads to the multiplication table B2 in Theorem 2.3 with isotropy h = span{e 5 , e 3 − e 6 }.
Subcase 2.2:
If p 1 = 0 or p 3 = 0 the change of basis
for g * leads to the multiplication table B3 in Theorem 2.3 with isotropy in the dual basis h = span{e 3 , e 5 + e 6 } when p 1 = 0 and h = span{e 3 , e 5 − e 6 } when p 3 = 0. Reversing the sign of e 6 is an automorphism, thus these are equivalent Lie algebra pairs. Case 3: The subalgebra e 1,10 in [16 ] is h = span{−A 1 +A 3 }. By using the basis
From condition (A.5), G/H is reductive if and only if p 1 = 0 and p 2 = 0. The first Bianchi identity yields
where r, s, t ∈ IR and
,
, 
Global Results and Existence
To prove Theorem 2.4, we start by characterizing the four-dimensional simply connected nonreductive pseudo-Riemannian homogeneous spaces. These turn out to be fairly simple. [14 ] ) whereG is the simply connected cover of G 0 and H is a closed connected Lie subgroup having Lie subalgebra h. We start with A4 and B2. Let a, b ∈ IR 2 , and a × b = a 1 b 2 − b 1 a 2 . The multiplication map for the six-dimensional Lie group
where A, B ∈ SL(2, IR), a, b ∈ IR 2 and α, β ∈ IR. Let H 0 l and H 0 n be the closed subgroups
The Lie algebra pair in A4 is isomorphic to (g, h l ), and the pair in B2 is isomorphic to (g, h n ). The quotient spaces
, so the covering space in these cases is IR 4 . For the Lie algebra pair B1 in Theorem 2.3, let G 0 be the group SL(2, IR) × IR 2 , and let
The pair in B1 of Theorem 2.3 is isomorphic to this (g, h) . 2, 3) . Let G be the simply connected seven-dimensional Lie group having Lie algebra g, and let Φ : G → O(2, 3) be the induced homomorphism from φ. We now show that G acts transitively on the manifold
which is diffeomorphic to S 1 ×IR 3 [19 ] . Let (x 1 , x 2 , x 3 , x 4 , x 5 ) ∈ M . Application of the group element e φ(te3−te2) , where t = π/2 if x 2 = 0 otherwise tan t = x 1 /x 2 , maps this point to (0,x 2 ,x 3 ,x 4 ,x 5 ), wherex 2 = 0. Similar use of the one parameter subgroups of G map this point to (0, r, 0, 0, 0). Hence, G acts transitively on M . The Lie algebra of the Lie subgroup of G which stabilizes (0, r, 0, 0, 0) is h = {e 1 + e 7 , e 3 − e 4 , e 5 }. Therefore, the covering space for G/H is IR 4 . The details for B3, the final case, can be found in the first part of the proof of Theorem 7.1. 
is basic for the projection q : G → G/H and defines a pseudo-Riemannian metric on G/H with curvature tensor Ω.
Proof. The form θ is IR n valued, so η defines a symmetric bilinear form on T G. From 1] in Lemma 3.1, the form η is semi-basic for the projection q : G → G/H and has the same signature as η 0 . The Lie derivative of η with respect to X ∈ h,
implies that η is H-basic, because H is connected. We can check that Ω is the curvature of η, by choosing a local cross section of q : G → G/H and pulling back the structure equations by the cross section, or by reversing the arguments in section 3 which we now do. Let u σ ∈ O(M ), and Ψ be constructed as in (3.11) . The pullback Ψ * θ of the canonical formθ on the frame bundle, are G-invariant and provide a basis for the q : G → G/H semi-basic forms. Therefore,
Now, let X, Y ∈ IR n and chooseX,Ỹ ∈ T e G such that q * X = u σ X, and q * Ỹ = u σ Y . By definition of u σ and η, we have
The commutative diagram (3.12) gives
so A ∈ O(p,p). Finally, using the frame v σ = u σ A to redefine Ψ, we get Ψ * θ = θ, Ψ * ω = ω, and Ψ * Ω = Ω.
This lemma says that for any case we consider in section 5, and no matter what value we choose for the parameters in the curvature form Ω, we can construct a homogeneous pseudo-Riemannian manifold having the chosen value of the curvature form. In the next lemma, we give a sufficienct condition on the curvature for a given Lie algebra to be the Lie algebra of the isometry group. If dim S = dim h, then the Lie algebra of the isometry group is g (the Lie algebra of G).
Proof. Use the notation in section 3. If E = ρ * (e) where e ∈ h, then E ∈ S, so dim S ≥ dim h. Suppose thatG is the isometry group of (G/H, η). To prove the lemma, it is sufficient to show dimG = dim G. LetH ⊂G be the isotropy subgroup at σ = [H] ∈ G/H with linear isotropy representationρ. We have G ⊂G, dim G = n + dim H, and dimG = n + dimH. By the argument just given,ρ * (h) satisfies (6.2). Therefore, if the hypothesis of the theorem hold then dimh = dim h and dim G = dimG.
The set S is the Lie algebra of the stabilizer of both the curvature tensor and its covariant derivative at a point. This lemma states that if this subalgebra has the same dimension as h, then the isometry algebra can not have dimension greater than n + dim h. Therefore, it must be the given algebra. Lemma 6.3 of course generalizes using the higher order covariant derivatives of the curvature tensor.
We can now prove the converse condition in Theorem 2.4 by using Lemmas 6.2, Lemma 6.3, and the computations from section 5. That is, for each Lie algebra pair in the theorem we find values for the coefficients of the curvature form Ω such that Lemma 6.3 is satisfied. 
The Einstein Examples
In this section, we construct all homogeneous Einstein and Ricci flat metrics on the simply connected non-reductive homogeneous spaces of dimension four. 
